Abstract. We investigate injective dimension of F -finite F -modules in characteristic p and holonomic D-modules in characteristic 0. One of our main results is the following. If either (a) R is a regular ring of finite type over an infinite field of characteristic p > 0 and M is an FR-finite FR-module; or (b) R = k[x1, . . . , xn] where k is a field of characteristic 0 and M is a holonomic D(R, k)-module. then inj. dim R (M ) = dim(Supp R (M )).
Introduction
Let R be a regular commutative noetherian of characteristic p and let inj. dim R (M ) denote the injective dimension of an R-module M . It was proved in [HS93] that inj. dim R (H i J (R)) ≤ dim(Supp R (H i J (R))) for each ideal J of R, where H i J (R) denotes the ith local cohomology of R supported in an ideal J. This result was then generalized further in [Lyu97] which introduced a theory of F R -modules (this will be reviewed in Section 2) and proved that inj. dim R (M ) ≤ dim(Supp R (M )) for each F R -module M and that H i J (R) is an F R -module. In an interesting paper [Put14] , it is proved that inj. dim R (T (R)) = dim(Supp R (T (R))) for a polynomial ring R = k[x 1 , . . . , x n ] in characteristic 0. Here T is the Lyubeznik functor. Due to its technicality we omit the definition of T and refer the reader to [Lyu93] for details. We should remark that a primary example of T is the repeated local cohomology functor H i 1 j 1 · · · H is Js (−) and that T (R) is a holonomic D(R, k)-module (theory of D(R, k)-modules will be reviewed in Section 2). It's asked in [Put14, page 711] whether the same result holds in characteristic p. The main goal of this short note is twofold: to give a positive answer to this question in characteristic p and to prove a stronger result in characteristic 0. Here are our main results. Theorem 1.2 (Theorems 3.5 and 4.5). Assume either (a) R is a regular ring of finite type over an infinite field k of characteristic p > 0 and M is an F R -finite F R -module; or
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(b) R = k[x 1 , . . . , x n ] is a polynomial over a field k of characteristic 0 and M is a holonomic D(R, k)-module. Then inj. dim R (M ) = dim R (Supp R (M )).
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Preparatory results on F R -modules and D-modules
In this section, we review some basic notions and results in the theories of F -modules, Dmodules and Jacobson rings. We also prove some new results on F -modules and D-modules that are needed in the sequel.
2.1. F R -modules. Let R be a commutative noetherian regular ring of characteristic p. Let F R denote the Peskine-Szpiro functor:
for each R-module M , where R (1) denote the R-module that is the same as R as a left Rmodule and whose right R-module structure is given by r ′ · r = r p r ′ for all r ′ ∈ R (1) and r ∈ R.
Remark 2.1. Given a homomorphism ϕ :
In particular, if S is a multiplicatively closed subset of R, we have
Definition 2.2 (Definitions 1.1, 1.9 and 2.1 in [Lyu97] ). An F R -module is an R-module M equipped with an R-linear isomorphism
of an R-module M such that the direct limit of the following diagram is the same as ϑ M :
We collect some basic results on F R -modules as follows.
Remark 2.3. Let R be a commutative noetherian regular ring of characteristic p. 
Consequently if M has finite length in the category of F R -module, then S −1 M will have finite length in the category of F S −1 R -modules. 2.2. D-modules. Let C be a commutative ring. Differential operators on C are defined inductively as follows: for each r ∈ C, the multiplication by r mapr : C − → C is a differential operator of order 0; for each positive integer n, the differential operators of order less than or equal to n are those additive maps δ : C − → C for which the commutator
is a differential operator of order less than or equal to n − 1. If δ and δ ′ are differential operators of order at most m and n respectively, then δ • δ ′ is a differential operator of order at most m + n. Thus, the differential operators on R form a subring D(C) of End Z (C). When C is an algebra over a commutative ring A, we define D(C, A) to be the subring of D(C) consisting of differential operators that are A-linear.
We believe that the following proposition is well-known; we include a proof since we couldn't find a proper reference. Proposition 2.8. Let R = k[x 1 , . . . , x n ] be a polynomial ring over a field k and M be a
Proof. [Lyu00, Theorem 1] proves the case when R = k[[x 1 , . . . , x n ]], but the same proof works for polynomial rings as well.
Next we would like to recall the notion of a holonomic D-module that will be used in the sequel; our main reference is the book [Bjö79] .
Let
. Set F i to be the k-linear span of the following set
It is well-known that the graded ring gr F (D(R, k)) associated with the Bernstein filtration is isomorphic to k[x 1 , . . . , x n , ξ 1 , . . . , ξ n ] where ξ j denotes the image of
It is proved in [Bav09] and [Lyu11] that M is holonomic if and only if there is a constant η such that dim k (M i ) ≤ ηi n for all i.
Proposition 2.10. Let R = k[x 1 , . . . , x n ] be a polynomial ring over a field k of characteristic 0 and M be a holonomic
Proof. Since M is holonomic, it is cyclic ([Bjö79, Corollary 8.19 in Chapter 1]). Assume that M is generated by z.
. Then dim(A) = n since M is holonomic. Letx i andξ j denote the images of x i and ξ j in A for i, j = 1, . . . , n. By Noether Normalization ([AM69, Exercise 16 on page 69]), after a linear change of variables, we may assume that x 1 , . . . , x n , ξ 1 , . . . , ξ n can be arranged into x i 1 , . . . , x in , ξ j 1 , . . . , ξ jn such that A is a finitely generated A ′ = k[x i 1 , . . . ,x it ,ξ j 1 , . . . ,ξ j n−t ]-module andx i t+1 , . . . ,x in ,ξ j n−t+1 , . . . ,ξ jn are integral over A ′ , and x i 1 = x n . Let N be the maximum of the degrees of the monic polynomials associated with integral dependence of x i t+1 , . . . ,x in ,ξ j n−t+1 , . . . ,ξ jn over A ′ . Then F i ·z is the same as the k-linear span of the following set
Therefore, S −1 F i ·z is the same as the k(x n )-span of the following set
the intersection of all maximal ideals that contain it. We will collect some well-known facts about Jacobson rings and our main reference is [Gro66, §10].
Proposition 2.11. Let R be a Jacobson noetherian ring.
(a) Let R be a Jacobson noetherian ring. Then R has only finitely many maximal ideals if and only if dim(R) = 0. (b) Any homomorphic image of a Jacobson ring is also a Jacobson ring. (c) Let R be a Jacobson noetherian ring. Then the localization R f is a Jacobson ring for each element f ∈ R and there is a one-to-one correspondence between the maximal ideal of R f and the maximal ideals of R that don't contain f . (d) Any finitely generated algebra over an infinite field is a Jacobson ring.
Remark 2.12. One consequence of Proposition 2.11 is that, given any finitely many prime ideals p 1 , . . . , p m in a Jacobson ring, there exists a maximal ideal that does not contain any of p 1 , . . . , p m .
Injective dimension of F R -finite F R -modules
In this section, we study the injective dimension of an F R -finite F R -module. To this end, we begin with an analysis of F R -finiteness of E(R/ p) where R is a commutative noetherian regular ring of characteristic p. Recall that E(R/ p) is always an F R -module by Remark 2.3.
The next two propositions are applications of the celebrated result that any F R -finite F R -module has only finitely many associated primes [Lyu97, Theorem 2.12(a)].
Proposition 3.1. Let R be a commutative noetherian regular ring containing a field of characteristic p > 0. Let d = dim(R) and p be a prime ideal of height d − 1. Then E(R/ p) is F R -finite if and only if p is contained in finitely many maximal ideals.
In particular, if R is also a Jacobson ring of positive dimension, then E(R/ p) is not F Rfinite.
Proof. Set I j = ht(q)=j E(R/ q), where the direct sum is taken over all height j prime ideals q. Since R is regular and hence Gorenstein, 0 
This is also an exact sequence in the category of F R -modules (Remark 2.3(c)).
If E(R/ p) is F R -finite, then so will be p⊂m; ht(m)=d E(R/ m) since F R -finite F R -modules form an abelian category [Lyu97, Theorem 2.8]. Consequently, p⊂m; ht(m)=d E(R/ m) must have finitely many associated primes by [Lyu97, Theorem 2.12(a)]. It is clear that the associated primes of p⊂m; ht(m)=d E(R/ m) are precisely the maximal ideals containing p. Hence p is contained in finitely many maximal ideals.
On the other hand, if p is contained in finitely many maximal ideals. Then p⊂m; ht(m)=d E(R/ m) is a direct sum of finitely many F R -finite F R -module and is F R -finite. It follows from (1) that E(R/ p) is an extension of two F R -finite F R -modules, hence it is F R -finite.
As we will see next, once the height of a prime ideal p is ≤ d − 2, then E(R/ p) is never F R -finite, no matter how many maximal ideals contain p.
Proposition 3.2. Let R be a commutative noetherian regular ring containing a field of characteristic p > 0. Let d = dim(R) and p be a prime ideal of height ≤ d − 2. Then E(R/ p) = E(R/ p) m is not F Rm -finite F Rm -module for each maximal ideal m that contains p.
In particular, if
Proof. First, we prove the case when ht(p) = d − 2 and we will follow the same strategy as in the proof of Proposition 3.1. Note that if M is F R -finite (or has finite length in the category of F R -modules), then M m will be F Rm -finite (or will have finite length in the category of F Rm -modules). Replacing R by R m , we may assume that R is now a regular local ring. Set I j = ht(q)=j E(R/ q), where the direct sum is taken over all height j prime ideals q. Then
Since ht(p) = d − 2, applying Γ p to this injective resolution of R produces 3 short exact sequences:
where (c) follows from Hartshorne-Lichtenbaum Vanishing Theorem. If E(R/ p) were F Rfinite (or had finite length in the category of F R -modules), then by (a) Im(δ d−2 ) would also be F R -finite (or would have finite length in the category of F R -modules). Then (b) would imply that ker(δ d−1 ) would be F R -finite (or have finite length) since H Next, assume that ht(p) ≤ d − 3. Let q be a prime ideal of height ht(p) + 2 and containing p. Then the height of p R q is exactly 2 less than the dimension of R q ; hence by our previous paragraph we know that E(R/ p) = E(R/ p) q = E(R q / p R q ) is not F Rq -finite. Thus, E(R/ p) is not F R -finite. 
We will show that N = 0, which will produce a contradiction since p is not an associated prime of L.
Since t = inj. dim(M ), it follows that H t p (M ) is a quotient of an injective R-module. Given any element f ∈ R, the multiplication by f on any injective module is surjective, hence it also surjective on N and any localization of N .
If
, each associated prime must be an associated prime of H t p (M ). It is clear that none of q 1 , . . . , q m is an associated prime of N . Therefore p is the only associated prime of N . Consequently multiplication by f / ∈ p is also injective on N . Thus, N = N p . Since N p is an F Rp -finite F Rp -module and dim Rp (N p ) = 0, it follows from [Lyu97, Theorem 1.4] that N p is a direct sum of finitely copies of E(R p / p R p ) = E(R/ p). To summarize, we have shown that N , which is F R -finite, is a direct sum of finitely many copies of E(R/ p). Since R is a Jacobson ring, so is R/ p (Proposition 2.11). Hence there are infinitely many maximal ideals that contain p. By Proposition 3.1, E(R/ p) is not F R -finite; thus N must be 0.
Assume now ht(p) ≤ d − 2. Since R is a Jacobson ring, there exists a maximal ideal m that contains p but not any of q 1 , . . . , q m (Remark 2.12). Hence
The rest of the proof follows the same line as in the previous case, but uses Proposition 3.2 instead. We will skip the details.
To summarize, under the assumption that µ 0 (p, H t p (M )) = 0, we have shown Ass R (H t p (M )) = {p}. Therefore, given any f / ∈ p, the multiplication by f on H
which is an injective R p -module and hence isomorphic to a direct sum of copies of E(R/ p), which is not F R -finite by Proposition 3.1. This produces the desired contradiction since H t p (M ) is F R -finite. Remark 3.4. Following the same line as the proof of Theorem 3.3, one can prove the following: let R be a d-dimensional noetherian regular ring of prime characteristic and M be an F Rfinite F R -module. If p is a prime ideal of R of height at most d − 2 and set t = inj. dim R (M ), then µ t (p, M ) = 0.
Theorem 3.5. Let R be a regular ring of finite type over an infinite field k of characteristic p > 0. Then
Proof. First, we note that R is a Jacobson ring (Proposition 2.11). Hence Theorem 3.3 is applicable.
We will use induction on s = dim R (Supp R (M )). When s = 0, the conclusion is clear.
Assume s ≥ 1. Since M is F R -finite, it has finitely many associated primes. Let q 1 , . . . , q m be all the associated primes of M with dim(R/ q i ) = s. Since k is infinite, by Noether normalization ([Eis95, Theorem 13.3]), there are x 1 , . . . , x d ∈ R that are algebraically independent over k (where d = dim(R)) so that R is a finite k[x 1 , . . . , x d ]-module and a linear combination of x 1 , . . . , x d , denoted by y, such that k[y] ∩ q i = 0 for i = 1, . . . , m. Set S = k[y]\{0}. Then S is a multiplicatively closed subset of R. Consider S −1 R, which is the same as k(y) ⊗ k[y] R. Note that S −1 M is also F S −1 R -finite, and S −1 R is of finite type over an infinite field k(y). By Proposition 2.11, S −1 R is still a Jacobson ring. Also note that dim(S −1 R) = d − 1.
It is clear that dim S −1 R (Supp( S −1 R (S −1 M ))) = s − 1. Hence by our induction hypothesis
Hence there exists a prime ideal P in S −1 R such that µ Remark 3.6. Both Theorems 3.3 and 3.5 would fail if R admitted a height d − 1 prime ideal p that's contained in only finitely many maximal ideals of R. Indeed, by Proposition 3.1, E(R/ p) would be F R -finite. It would be an injective R-module with a 1-dimensional support.
Injective dimension of holonomic D-modules
Throughout this section R = k[x 1 , . . . , x n ] denotes a polynomial ring over a field k. The ring of k-linear differential operators on R, denoted by D(R, k), can be described explicitly as follows. Let ∂
[t]
i denote the k-linear differential operators Proof. The proof is nearly identical to the one of Proposition 3.1; the only modification is to use finite length, instead of F R -finiteness, to guarantee finiteness of associated primes. We skip the details. Proposition 4.3. Let p be a prime ideal of R of height ≤ n − 2. Then E(R/ p) = E(R/ p) m does not have finite length in the category of D(R m , k)-modules for each maximal ideal m that contains p.
In particular, if ht(p) ≤ n − 2, then E(R/ p) does not have finite length in the category of D(R, k)-modules.
Proof. First, by Proposition 2.5, if E(R/ p) had finite length in the category of D(R, k)-modules, then so would E(R/ p) = E(R/ p) m in the category of D(R m , k)-modules. hence it suffices to prove the first conclusion. The proof of our first conclusion is nearly identical to the proof of Proposition 3.2; the only modification is to use finite length, instead of F R -finiteness, to guarantee finiteness of associated primes. We skip the details.
The proof of the following theorem is a slight modification of the one of Theorem 3.3. For clarity and completeness, we include a proof.
on N m is injective. Since multiplication by f / ∈ p R m on N m is also surjective, (N m ) p = N m . As in the previous paragraph, (N m ) p is an injective R p -module. Since p is a minimal prime of N , it follows that (N m ) p is a direct sum of E(R/ p). By Proposition 2. Proof. The proof follows the same line as in the one of Theorem3.5; we opt to include a proof here for the sake of clarity and completeness. We will use induction on s = dim R (Supp R (M )). When s = 0, the conclusion is clear by Proposition 2.8.
Assume s ≥ 1. Since M is holonomic, it has finitely many associated primes. Let q 1 , . . . , q m be all the associated primes of M with R/ q i = s. Since k is infinite, by Noether normalization ([Eis95, Theorem 13.3]), there are x 1 , . . . , x d ∈ R that are algebraically independent over k (where d = dim(R)) so that R is a finite k[x 1 , . . . , 
